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On the discriminant of pure number fields
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Abstract
Let K = Q( n
√
a) be an extension of degree n of the field Q of rational numbers, where
the integer a is such that for each prime p dividing n either p ∤ a or the highest power of
p dividing a is coprime to p; this condition is clearly satisfied when a, n are coprime or a
is squarefree. The paper contains an explicit formula for the discriminant of K involving
only the prime powers dividing a, n.
Keywords : Rings of algebraic integers; discriminant; monogenic number fields.
2010 Mathematics Subject Classification : 11R04; 11R29.
∗The Institute of Mathematical Sciences, HBNI, CIT Campus, Taramani, Chennai - 600113, Tamil
Nadu, India. Email : anujjakhar@iisermohali.ac.in
†Corresponding author.
‡Indian Institute of Science Education and Research Mohali, Sector 81, Knowledge City, SAS Nagar,
Punjab - 140306, India & Department of Mathematics, Panjab University, Chandigarh - 160014, India.
Email : skhanduja@iisermohali.ac.in
§Indian Institute of Technology (IIT), Bombay, Mumbai-400076, India, neerajsan@iisermohali.ac.in
1
1 Introduction
Discriminant is one of the most basic invariants associated to an algebraic number field.
The problem of its computation specially for pure algebraic number fields has attracted the
attention of many mathematicians (cf. [1], [2], [8], [9], [12], [16]). By a pure number field
we mean an algebraic number field of the type Q( n
√
a), where the polynomial xn − a with
integer coefficients is irreducible over the field Q of rational numbers. In 1897, Landsberg
[12] gave a formula for the discriminant of pure prime degree number fields. In 1984,
Funakura [2] provided a formula for the discriminant of all pure quartic fields. In 2015,
Hameed and Nakahara [8] found a formula for the discriminant of all those pure octic fields
Q( 8
√
a), where a is a squarefree integer. In 2017, we gave a formula for the discriminant
of pure number fields having squarefree degree (cf. [9]). In the present paper, our aim is
to give a formula for the discriminant of n-th degree fields of the type Q( n
√
a) in terms
of prime powers dividing a, n, where for each prime p dividing n either p does not divide
a or the highest power of p dividing a (to be denoted by vp(a)) is coprime with p. With
this hypothesis, a formula for the discriminant of Q( n
√
a) is given by Gassert in [3] using a
method proposed by Montes and developed in ([4]-[7]), but our proof given here is based
on the classical Theorem of Ore about Newton polygons and is more or less self-contained.
Precisely stated, we prove:
Theorem 1.1. Let K = Q(θ) be an algebraic number field with discriminant dK, where θ
is a root of an irreducible polynomial f(x) = xn − a belonging to Z[x]. Let
k∏
i=1
psii ,
l∏
j=1
q
tj
j be
the prime factorizations of n, |a| respectively. Let mj , ni and ri stand respectively for the
integers gcd(n, tj),
n
p
si
i
and vpi(a
pi−1 − 1)− 1. Assume that for each i, either vpi(a) = 0 or
vpi(a) is coprime to pi. Then
dK = (−1)
(n−1)(n−2)
2 sgn(an−1)(
k∏
i=1
pvii )
l∏
j=1
q
n−mj
j ,
where vi equals nsi − 2ni
min{ri,si}∑
j=1
psi−ji or nsi according as ri > 0 or not.
The following corollary is an immediate application of the above theorem.
Corollary 1.2. Let p be a prime number and a 6= ±1 be a squarefree integer. Let K =
Q(θ) with θ a root of xp
s − a. If r stands for the integer vp(ap−1 − 1) − 1, then dK is
(−1) (p
s
−1)(ps−2)
2 pνap
s−1, where ν equals sps − 2
min{r,s}∑
j=1
ps−j or sps according as r > 0 or not.
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It can be easily seen that in the special case when p = 2 and s = 3, the formula obtained
in the above corollary for K = Q(θ) can be restated in the following form as given in [8]:
dK =


−224a7, if a ≡ 2, 3(mod 4),
−216a7, if a ≡ 5, 13(mod 16),
−212a7, if a ≡ 9(mod 16),
−210a7, if a ≡ 1(mod 16).
The following corollary which is partially proved in [3] will be quickly deduced from
Theorem 1.1.
Corollary 1.3. Let K = Q(θ) be an extension of Q with θ satisfying an irreducible poly-
nomial xn − a over Z. Then {1, θ, · · · , θn−1} is an integral basis of K if and only if a is
squarefree and for each prime p dividing n, p2 ∤ (ap−1 − 1).
2 Preliminary Results.
If n =
k∏
i=1
psii , |a| =
l∏
j=1
q
tj
j , f(x) = x
n − a, θ, dK are as in Theorem 1.1, AK denotes the ring
of algebraic integers of K and NK/Q stands for the norm map, then by a basic result ([14,
Propositions 2.9, 2.13]), we have
dK [AK : Z[θ]]
2 = (−1)(n2)NK/Q(f ′(θ)) = (−1)(
n
2)NK/Q(nθ
n−1) = (−1) (n−1)(n−2)2 nnan−1.
So dK is determined as soon as the exact power of each pi, qj which divides [AK : Z[θ]]
is known. We first deal with the primes qj dividing a because these are easier to handle.
For primes pi dividing n and not dividing a, vpi([AK : Z[θ]]) is obtained essentially in two
stages. The first stage deals with the situation when n is a prime power. Then we establish
a relation between vpi([AK : Z[θ]]) and vpi([AKi : Z[θi]]), where AKi is the ring of algebraic
integers of Ki = Q(θi) with θi = θni satisfying the polynomial xp
si
i − a. For calculating the
prime powers dividing these indices, we use a particular case of the Theorem of Index of
Ore (stated as Theorem 2.B) for which we need the notion of Newton polygon introduced
below.
Throughout Zp denotes the ring of p-adic integers and Fp the field with p elements. For
c in Zp, vp(c) stands for the p-adic valuation of c defined by vp(p) = 1 and c¯ for the image
of c under the canonical homomorphism from Zp onto Fp.
Definition. Let p be a prime number and g(x) =
n∑
j=0
cjx
j be a polynomial over Zp with
3
c0cn 6= 0. To each non-zero term cixi, we associate a point (n− i, vp(ci)) and form the set
P = {(j, vp(cn−j))|0 ≤ j ≤ n, cn−j 6= 0}.
The Newton polygon of g(x) with respect to p (also called the p-Newton polygon of g(x))
is the polygonal path formed by the lower edges along the convex hull of points of P . Note
that the slopes of the edges are increasing when calculated from left to right.
Definition. Let g(x) = xn + an−1xn−1 + · · · + a0 be a polynomial over Zp such that
the p-Newton polygon of g(x) consists of a single edge having positive slope λ, i.e.,
min{vp(an−i)
i
|1 ≤ i ≤ n} = vp(a0)
n
= λ. Let e denote the smallest positive integer such
that eλ ∈ Z. We associate with g(x) a polynomial T (Y ) ∈ Fp[Y ] not divisible by Y of
degree n
e
= t (say) defined by
T (Y ) = Y t +
t∑
j=1
(
an−ej
pejλ
)
Y t−j .
To be more precise, T (Y ) will be called the polynomial associated with g(x) with respect
to p.
Example. Let g(x) = (x+5)4−5. One can easily check that the 2-Newton polygon of g(x)
consists of only one edge with slope λ = 1/2. With notations as in the above definition,
we see that e = 2, n = 4, t = 2 and the polynomial associated with g(x) with respect to 2
is T (Y ) = Y 2 + Y + 1¯ belonging to F2[Y ].
We shall use the following weaker versions of the two theorems proved by Ore in a more
general set up (cf. [15], [13, pp. 322-325], [10, Theorem 1.1]). Their proofs are omitted.
Theorem 2.A. Let p be a prime number. Let g(x) =
n∑
i=0
aix
i, a0 6= 0 belonging to Z[x]
be a monic polynomial such that g(x) ≡ xn (mod p). Suppose that the p-Newton polygon
of g(x) consists of k edges S1, · · · , Sk having positive slopes λ1 < · · · < λk. Let li denote
the length of the horizontal projection of Si and ei be the smallest positive integer such that
eiλi ∈ Z. Then g(x) = g1(x) · · · gk(x), where gi(x) is a monic polynomial over Zp of degree
li whose p-Newton polygon has a single edge which is a translate of Si.
Theorem 2.B. Let p, g(x), Si, λi, ei, li and gi(x) be as in the above theorem for 1 ≤ i ≤ k.
Let Ti(Y ) denote the polynomial associated with gi(x) with respect to p. Assume that g(x) is
irreducible over Q. Let β be a root of g(x) and K = Q(β). If Ti(Y ) is a product of distinct
monic irreducible polynomials over Fp for each i, then the highest power of p dividing the
index [AK : Z[β]] equals the number of points with positive integer coordinates lying on or
below the p-Newton polygon of g(x) away from the vertical line passing through the last
vertex of this polygon.
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The following basic lemma to be used in the sequel is already known (cf. [11, Problem
435]). We omit its proof. As usual for a real number λ, ⌊λ⌋ stands for the greatest integer
not exceeding λ.
Lemma 2.C. Let t, n be positive integers with gcd(t, n) = m. Let P denote the set of
points in the plane with positive integer coordinates lying inside or on the triangle with
vertices (0, 0), (n, 0), (n, t) which do not lie on the line x = n. Then
#P =
n−1∑
i=1
⌊
it
n
⌋
=
1
2
[(n− 1)(t− 1) +m− 1].
With notations as in Theorem 1.1, using the above lemma and Theorem 2.B we now
prove the following result which determines vqj([AK : Z[θ]]).
Lemma 2.1. Let f(x) = xn − a,K = Q(θ), |a| =
l∏
j=1
q
tj
j and mj = gcd(n, tj) be as in
Theorem 1.1. For a fixed prime qj dividing a, suppose that qj does not divide mj. Then
vqj([AK : Z[θ]]) =
1
2
[(n− 1)(tj − 1) +mj − 1].
Proof. Clearly the qj-Newton polygon of f(x) consists of single edge having slope
tj
n
. It
can be easily seen that the polynomial associated with f(x) with respect to qj is T (Y ) =
Y mj − ( a
q
tj
j
) belonging to Fqj [Y ]. By hypothesis qj ∤ mj. So T (Y ) has no repeated roots.
The desired equality now follows immediately from Theorem 2.B and Lemma 2.C.
The following simple result is well known. For reader’s convenience, we prove it here.
Lemma 2.D. For any positive integer u ≤ ps with p a prime and s > 0 an integer, one
has vp(
(
ps
u
)
) = s− vp(u).
Proof. Using the fact that for any natural number m, vp(m!) =
∞∑
j=1
⌊m
pj
⌋, we see that
vp
((
ps
u
))
= vp(p
s!)−vp(u!)−vp((ps−u)!) =
s∑
j=1
ps−j−
s∑
j=1
⌊
u
pj
⌋
−
s∑
j=1
⌊
ps−j− u
pj
⌋
. (1)
Keeping in mind that
⌊
ps−j − u
pj
⌋
= ps−j − u
pj
or ps−j − ⌊ u
pj
⌋− 1 according as j ≤ vp(u) or
not, the desired equality follows immediately from (1).
Using the above lemma and Theorems 2.A, 2.B, we prove the following result which
plays a significant role in the proof of Theorem 1.1.
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Lemma 2.2. Let L = Q(α) be an algebraic number field with α a root of an irreducible
polynomial xp
s − a belonging to Z[x] where p is a prime number not dividing a and s is a
positive integer. Let AL be the ring of algebraic integers of L. If r stands for the integer
vp(a
p−1 − 1)− 1, then the exact power of p dividing the index [AL : Z[α]] is
min{r,s}∑
i=1
ps−i or
0 according as r is positive or not.
Proof. Since p ∤ a, p divides ap−1 − 1 and hence r ≥ 0. Set ξ = α − a, so that ξ is a
root of g(x) = (x + a)p
s − a and Z[ξ] = Z[α]. Observe that vp(aps−1 − 1) = vp(ap−1 − 1)
which can be quickly verified keeping in mind that ps − 1 = (p− 1)m with m ≡ 1 (mod p)
and ap−1 ≡ 1 (mod p). When r = 0, then the lemma is trivially true because g(x) is an
Eisenstein polynomial with respect to p in this situation by virtue of the above observation
and p does not divide [AL : Z[ξ]] in view of a basic result (cf. [14, Lemma 2.17]). From
now on, it may be assumed that r ≥ 1.
We first prove the lemma when r > s. Using Lemma 2.D, it can be easily seen that the
successive vertices of the p-Newton polygon of g(x) = xp
s
+
(
ps
1
)
axp
s−1+· · ·+( ps
ps−1
)
ap
s−1x+
ap
s − a are given by the set {(0, 0), (ps− ps−1, 1), (ps− ps−2, 2), · · · , (ps− 1, s), (ps, r+ 1)}.
In this case the p-Newton polygon of g(x) has s + 1 edges with slopes λi = 1ps−i+1−ps−i for
1 ≤ i ≤ s and λs+1 = r+1−s. Applying Theorem 2.A, we see that g(x) =
s+1∏
i=1
gi(x), where
gi(x) ∈ Zp[x] is a monic polynomial whose p-Newton polygon has a single edge with slope
λi and deg(gi(x)) = ps−i+1 − ps−i for 1 ≤ i ≤ s, deg(gs+1(x)) = 1. Clearly the polynomial
associated with gi(x) with respect to p is a monic linear polynomial in Fp[Y ]. Note that
the number of points with positive integral entries which lie on or below the p-Newton
polygon of g(x) with ordinate i is ps−i for 1 ≤ i ≤ s. So it follows from Theorem 2.B that
vp([AL : Z[α]]) = vp([AL : Z[ξ]]) =
∑s
i=1 p
s−i.
Now we consider the case when 1 ≤ r ≤ s, p odd. Using Lemma 2.D, one can quickly
verify that the successive vertices of the p-Newton polygon of g(x) are given by the set
{(0, 0), (ps−ps−1, 1), (ps−ps−2, 2), · · · , (ps−ps−r, r), (ps, r+1)}. Note that in this case the
p-Newton polygon of g(x) has r + 1 edges with slopes λi = 1ps−i+1−ps−i for 1 ≤ i ≤ r and
λr+1 =
1
ps−r
. Applying Theorem 2.A, we see that g(x) can be written as a product
r+1∏
i=1
gi(x)
of monic polynomials belonging to Zp[x], where the p-Newton polygon of gi(x) has a single
edge with slope λi and the polynomial associated with gi(x) with respect to p is a monic
linear polynomial. Arguing as in the previous case, we see that vp([AL : Z[ξ]]) =
∑r
i=1 p
s−i
which proves the lemma in this case.
Now we deal with the situation when 1 ≤ r ≤ s and p = 2. One can check that the
successive vertices of the 2-Newton polygon of g(x) = x2
s
+
(
2s
1
)
ax2
s−1+· · ·+( 2s
2s−1
)
a2
s−1x+
6
a2
s − a are given by the set {(0, 0), (2s − 2s−1, 1), (2s − 2s−2, 2) · · · , (2s − 2s−r+1, r − 1),
(2s, r + 1)}. The 2-Newton polygon of g(x) has r edges with slopes λi = 12s−i+1−2s−i for
1 ≤ i ≤ r − 1 and λr = 12s−r . It follows quickly from Theorem 2.A that g(x) =
r∏
i=1
gi(x)
where gi(x) belonging to Z2[x] is a monic polynomial which corresponds to the i-th edge of
the 2-Newton polygon of g(x). Further the polynomial associated with gi(x) with respect
to 2 is a monic linear polynomial for 1 ≤ i ≤ r−1 and the polynomial associated with gr(x)
with respect to 2 is a second degree polynomial, say Tr(Y ) belonging to F2[Y ]. Keeping
in mind that the 2-Newton polygon of gr(x) (being a translate of the last edge of the
2-Newton polygon of g(x)) has lattice points (0, 0), (2s−r, 1), (2s−r+1, 2) on it, we conclude
that Tr(Y ) = Y 2 + Y + 1¯. So Theorem 2.B is applicable to g(x). Since the number of
points with positive integral entries which lie on or below the 2-Newton polygon of g(x)
with ordinate i is 2s−i, it follows that v2([AL : Z[ξ]]) =
∑r
i=1 2
s−i. This completes the proof
of the lemma.
Notation 2.E. For an algebraic number field K, AK will denote its ring of algebraic
integers, dK its (absolute) discriminant and for a non-zero ideal I of AK , NK/Q(I) = [AK : I]
will denote the (absolute) norm of I. If K = Q(α) with α an algebraic integer, the index
[AK : Z[α]] will be denoted by Ind(α). For a relative extension L/K of algebraic number
fields, dL/K will stand for the relative discriminant. We shall use the following formula (cf.
[14, Theorem 4.15])
dL = ±d[L:K]K NK/Q(dL/K). (2)
If {α1, · · · , αn} is a vector space basis of L/K, then DL/K(α1, · · · , αn) will denote the
determinant of the n× n matrix with (i, j)-th entry TrL/K(αiαj), Tr stands for the trace
map. If L = K(α), α ∈ AL with g(x) as the minimal polynomial of α over K, then as in
[14, Proposition 2.9], it can be easily seen that
DL/K(1, α, · · · , αn−1) = (−1)
n(n−1)
2 NL/K(g
′(α)). (3)
With the above notation, we prove the following lemma which extends Lemma 2.2 to
general n.
Lemma 2.3. Let K = Q(θ) where θ is a root of an irreducible polynomial xn−a belonging
to Z[x]. Let
k∏
i=1
psii be the prime factorization of n. Suppose that pi ∤ a for some i. If ri, ni
stand for the integers vpi(a
pi−1− 1)− 1, n
p
si
i
respectively, then the exact power of pi dividing
Ind(θ) is
min{ri,si}∑
j=1
nip
si−j
i or 0 according as ri is positive or not.
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Proof. Set θi = θni and Ki = Q(θi). Note that [K : Ki] = ni. By (2), we have
dK = ±dniKiNKi/Q(dK/Ki). (4)
Claim is that pi does not divide NKi/Q(dK/Ki). Note that the minimal polynomial of θ over
Ki is g(x) = xni − θi. By a well known result (cf. [14, Theorem 4.16]), dK/Ki divides the
ideal NK/Ki(g
′(θ))AKi. So NKi/Q(dK/Ki) divides NK/Q(g
′(θ)) = ±nni ani−1, which proves
the claim in view of the fact that pi ∤ nia. It is immediate from (4) and the claim that
vpi(dK) = nivpi(dKi). (5)
Using (3), we see that
DK/Q(1, θ, · · · , θn−1) = ±nnan−1, DKi/Q(1, θi, · · · , θp
si
i
−1
i ) = ±psip
si
i
i a
p
si
i
−1. (6)
Recall that n = nip
si
i and pi ∤ ani. So it is clear from (6) that
vpi(DK/Q(1, θ, · · · , θn−1)) = nivpi(DKi/Q(1, θi, · · · , θp
si
i
−1
i )). (7)
Also by a basic result (cf. [14, Proposition 2.13]), DK/Q(1, θ, · · · , θn−1) = dKInd(θ)2;
consequently
vpi(DK/Q(1, θ, · · · , θn−1)) = vpi(dK) + 2vpi(Ind(θ)). (8)
Substituting from (5) and (7) in (8), we get
nivpi(DKi/Q(1, θi, · · · , θp
si
i
−1
i )) = nivpi(dKi) + 2vpi(Ind(θ)). (9)
Keeping in mind that DKi/Q(1, θi, · · · , θp
si
i
−1
i ) = dKiInd(θi)
2, we conclude from (9) that
vpi(Ind(θ)) = nivpi(Ind(θi)). So the desired equality now follows from Lemma 2.2.
3 Proof of Theorem 1.1, Corollary 1.3.
Recall that
DK/Q(1, θ, · · · , θn−1) = (Ind θ)2dK = (−1)(
n
2)NK/Q(nθ
n−1) = (−1) (n−1)(n−2)2 nnan−1. (10)
So any prime dividing Ind(θ) must divide an. It follows from Lemmas 2.1 and 2.3 that
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Ind(θ) =
k∏
i=1
puii
l∏
j=1
q
1
2
[(n−1)(tj−1)+mj−1]
j ,
where ui equals ni
min{ri,si}∑
j=1
psi−ji or 0 according as ri > 0 or not. Substituting for Ind(θ) from
the above equation and n =
k∏
i=1
psii , |a| =
l∏
j=1
q
tj
j in (10), we immediately obtain the desired
formula for dK . 
Proof of Corollary 1.3. Assume first that AK = Z[θ]. Suppose to the contrary that a is
not a squarefree integer, say a = bc2 with c ≥ 2. The equality θn = a = bc2 shows that
θn divides (bc)n in AK and hence θ divides bc which implies that θ
n−1
c
= bc
θ
is an algebraic
integer. Consequently c will divide the index [AK : Z[θ]]. This contradiction proves that a
is squarefree.
When a is squarefree, writing the prime factorization of n as
k∏
i=1
psii and on taking ri, vi
as in Theorem 1.1, we see that the discriminant dK of K is given by
dK = (−1)
(n−1)(n−2)
2 sgn(an−1)(
k∏
i=1
pvii )|a|n−1.
As shown in equation (10),
DK/Q(1, θ, θ
2, · · · , θn−1) = (Ind(θ))2dK = (−1)
(n−1)(n−2)
2 nnan−1.
In view of the above two equations, {1, θ, θ2, · · · , θn−1} is an integral basis of K if and only
if nn =
k∏
i=1
pvii , i.e., if and only if
k∏
i=1
pnsii =
k∏
i=1
pvii . Keeping in mind the definition of vi, the
last equality holds if and only if for 1 ≤ i ≤ k, ri ≤ 0, i.e., p2i ∤ (api−1 − 1). This completes
the proof of the corollary.
Acknowledgement. The second author is thankful to Indian National Science Academy,
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